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Reducing full one-loop 
amplitudes at the integrand level

Costas Papadopoulos, Les Houches 2007

In collaboration with G. Ossola and R. Pittau
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The History

Passarino-Veltman reduction 
general applicability major achievements
major problem: not designed @ amplitude level

Unitarity based methods Bern Dixon Dunbar Kosower
major advantage: designed to work @ amplitude level
limited applications

New insight, quadruple and triple cuts Britto Cachazo Feng …
major simplifications

Reduction at the integrand level Ossola Papadopoulos Pittau
combine: PV@integrand + n-particle cuts
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The Concept
The master equation
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The Concept
The master equation
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The Concept

A simple application
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The Concept

A simple application

4

4
0

00 1 2 3 4 0 1 2 3 4

( )
n n

ii i
ii

i
i

d d D
Dd

D D D D D D D D D D
d q d q=

=

+
=

∑
∑∫ ∫



27/06/2007 HEP-NCSR DEMOKRITOS 9

The Concept

The scalar 5-point function



27/06/2007 HEP-NCSR DEMOKRITOS 10

The Concept

The scalar 5-point function

Imagine to calculate 10-point scalar integrals ! 
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The Concept
The master equation: a conceptual step
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The Concept
What we gain 

PV:  N(q) or A(q) hasn’t to be known analytically
No computer algebra
Mathematica → Numerica

UM:  more transparent algebraic method 
Rational terms
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The Concept
Algebraic no integration

Easily calculable
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The Concept
The master equation

Polynomial equation
Highly redundant: the a-terms have a degree of 
m2-2 compared to m
Zeros of (a tower of ) polynomial equations

N(q)-d-terms etc
Different ways of solving it
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The Concept
Solving the master equation

Choose a vector basis to expand the loop 
momentum
Solve the propagator equations and find the 
loop momentum in terms of the external 
momenta involved
Compute the ‘numerator’ at the given points
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The Concept
The master equation: ‘quadruple cut’
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The Concept
The ‘quadruple cut’
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The Concept
The spurious terms

, Phys.Lett.B137:241,1984W.L. van Neerven J.A.M. Vermaseren

http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22van%20Neerven%2C%20W%2EL%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Vermaseren%2C%20J%2EA%2EM%2E%22
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The Concept
The ‘quadruple cut’

The product of four tree-amplitudes
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The Concept
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The Concept
The ‘quadruple cut’

The product of four tree-amplitudes

tree tree tree treeA A A A

In complex kinematics
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The Concept
The ‘quadruple cut’

The product of four tree-amplitudes



27/06/2007 HEP-NCSR DEMOKRITOS 25

The Concept
The ‘quadruple cut’

Britto, Cachazo, Feng Nucl.Phys.B725:275-305,2005.
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The Concept
The master equation: simple algebraic 
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The Concept
Computing the 3-point coefficients

The role of spurious terms
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The Concept
The ‘triple cut’
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The Concept
The ‘triple cut’
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In complex kinematics
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The Concept
The spurious terms

We calculate 6 spurious terms. The solution is not unique - optimization
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The Concept
The 2-point sub-system and the stability

Denner Dittmaier
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The Concept
The 2-point sub-system
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The Concept
The 2-point sub-system
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The Concept
The 2-point sub-system
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The Concept
The spurious terms

To cure inverse determinants problem one needs to 
replace scalar integrals

We calculate 2+6 spurious terms. The solution is not unique - optimization
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The Concept
The case 

Also 

1 0k µ →

0f →
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The Concept
The ‘rational terms’
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The Concept
The ‘rational terms’ e-Print: arXiv:0704.1271 [hep-ph]
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The Concept
The ‘rational terms’
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The Concept
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The Concept
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The Concept
The ‘rational terms’
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The Applications

photon amplitudes

Calculated one loop amplitude before integration 
with Form or via spinor techniques
Found full agreement for both rational and non-
rational terms, massive and massless

γ γ γ γ+ → +
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The Applications

photon amplitudes

Calculate one loop amplitude before integration 
with Form or via spinor techniques
Using both quadruple and double precision to 
cross check the results and to estimate numerical 
precision

γ γ γ γ γ γ+ → + + +
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The Applications
photon amplitudes

Mahlon Nagy Soper Binoth Heinrich Gehrmann Mastrolia OPP

γ γ γ γ γ γ+ → + + +
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The Applications

photon amplitudes
OPP

γ γ γ γ γ γ+ → + + +
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The Applications

QCD applications

All infrared poles in scalar functions

Lazopoulos Melnikov Petriello

pp ZZZ→

qq ZZZ→
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The Outlook

Reduction at the integrand level 
changes the computational approach at one loop
Numerical but still algebraic: speed and precision 
not a problem

Future
Understand potential stability problems
Combine with the real corrections
Automatize through DS equations
A generic NLO calculator seems feasible 
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The Outlook

The DS equations to all orders
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The Outlook

The DS equations to tree order

Combine 2,3,….,n external particles
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The Outlook

The DS equations to one loop order linear !
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The Outlook

The DS equations to one loop order

N+1 tree order sub-amplitudes
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